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Abstract By employing the general expression for temperature T;, = |« |/27 = 5= (1 —

27F A

21’;;}A) associated with the apparent horizon of FRW universe and assuming a region of an
expanding universe enclosed by the apparent horizon as a thermal system in equilibrium, we
are able to show that the generalized second law of thermodynamics holds in Gauss-Bonnet

and more general Lovelock gravities.
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1 Introduction

It is possible to associate the notions of temperature and entropy with the apparent horizon of
FRW universe analogous to the Hawking temperature and entropy associated with the black
hole horizon [1-3]. The thermodynamical properties of the horizons have been studied in
various theories of gravity (see for examples [4—14]) and its extension to the braneworld
cosmology has also been made at the apparent horizon [15-18]. More recently, Cai et al.
[6] showed by employing Clausius relation 6 Q = T,dS), to the apparent horizon of a FRW
universe that the modified Friedmann equations can be derived from the quantum corrected
entropy-area relation. Since the extra higher derivative terms in Gauss-Bonnet and Lovelock
gravities can be considered as a quantum corrections to the Einstein gravity which lead to
suggest that the thermodynamic interpretation of field equations at horizon remains valid
even if one includes the possible quantum corrections to the Einstein gravity. Therefore it is
interesting to investigate generalized second law in these gravities. The Generalized Second
Law of thermodynamics has been studied in various theories of gravities (see for exam-
ples [19-25]). More recently, by applying the general expression of temperature associated
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with the apparent horizon of FRW universe, it has been shown [26] that the generalized
second law holds in the Einstein gravity. Hence, it is important to investigate whether the
generalized law still holds at the apparent horizon even if one includes the possible quan-
tum corrections to the Einstein gravity where the entropy-area relation no longer holds. In
this paper, we will discuss this issue in case of Gauss-Bonnet and more general lovelock
gravities. The paper is organized as follows. In the next section we will discuss generalized
second law of thermodynamics for the Gauss-Bonnet gravity at apparent horizon of FRW
universe. In Sect. 3, we will discuss generalized second law of thermodynamics in the case
of Lovelock gravity. The conclusion and discussion are included in Sect. 4.

2 Gauss-Bonnet Gravity

Let us start with a (n + 1)-dimensional FRW universe of metric

ds® = —di* + d(1) | oae (1)
T n=l

where dQ2_, stands for the line element of (n — 1)-dimensional unit sphere and spatial cur-

vature constant k = +1, 0 and —1 represents to a closed, flat and open universe, respectively.

The above metric (1) can be rewritten in spherical form

ds® = hypdx®dx? +r2d§2n > (2)

where 7 = a(t)r, x° =t,x' =r and h,, = diag(—1, %). One can work out the dynamical
apparent horizon using h**9,79,7 = 0 which implies

1 2
= =H +k/a®, 3)
s

where H = % is the Hubble parameter and the over dot denotes derivative with respect to
the cosmic time. It has been found that the entropy S associated with apparent horizon is
proportional to the horizon area that satisfies the so-called area formula S = A/4G [27],
however it is well recognized that the area formula of entropy no longer holds in higher
derivative gravities. So it is interesting to investigate whether, the generalized second law
Sy + S, > 0 still holds for a region of an expanding universe enclosed by apparent horizon
if one considers higher derivative gravities. Where S, and S,, are the entropies associated
with the horizon and the source respectively. Let us first consider Gauss-Bonnet gravity
which contains special combination of curvature-squared term, added to the Einstein-Hilbert
action. The equations of motion for Gauss-Bonnet gravity are given by

G +aH,, =8rGT,,, 4)

where « is a constant with dimension (length)? and in case of superstring theory of low
energy limit, « is regarded as the inverse string tension and is positive definite. G, and T,,
are the Einstein tensor and stress-energy tensor of the matter fields respectively and H,,, is
given by

1
_g/wRGBv (5)

H/J-v = Z(RR/LU - 2R#AR|); - 2Ry8 R}//uSv + Rzyﬁ Ravy&) - )
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where Rgp = R — 4R, R"’ + Ryp,0 R*P* is the Gauss-Bonnet term. In the vacuum Gauss-
Bonnet gravity with/without a cosmological constant, static black hole solutions have been
found and thermodynamics associated with the black hole horizons have been investigated
in [28-30]. In this theory static spherically symmetric black hole solution is given by [1]

ds* = —e"Vdt* + " Vdr? +r7dQ2 |, (6)

A(r) —v(r) 1+ r’ 1 14+ 647 GaM )
e = e = —_— — —_— |,
2a nn—1)Q,r"

where @ = (n — 2)(n — 3)a and M is the mass of black hole. As « — 0 in (4), the above

metric leads to Schwarzschild metric in Einstein gravity. The entropy [28-30] associated

with this black hole horizon is of the form, § = %(1 + E"‘gzg‘), where A = nQnri’:' is the
n— r+

horizon area and r is the horizon radius of the black hole. It has been argue in [1] that the

above entropy formula for black hole horizon also holds for the apparent horizon of FRW

universe in Gauss-Bonnet gravity but replacing r, by the apparent horizon radius 74 which

turns out
A (n —1)2&
Sp=— (14227, 8
" 4G( +(n—3)f§> ®)

where A = nQnF;’l is the horizon area. The Friedman equation in the Gauss-Bonnet gravity
filled with perfect fluid of stress energy, 7)., = (0o + P)u,u, + Pg,,, is given by

k k\> 167G
H+ - )+alH*+—=) =—p.
( +a2)+a< +a2> n(n_l)p )

with

In terms of horizon radius, the above equation yields

1 1 167G

S taog=—-p. 10
2R T am—n” (10)
Now, differentiating the above equation with respect to cosmic time, one gets
87G FiH P
Fao= L2 Ia (p_+~2), (11)
(n—1) 1+2a/r;
where the continuity equation p = —nH (p+ P) has been used. It can be seen from the above

equation that 74 > 0 in the expanding universe provided dominant energy condition hold.
When o — 0, the above reduces to the result obtained in Einstein gravity. Now we turn to de-

. . . . . 1 b ~
fine horizon temperature which is proportional to surface gravity k = ﬁaa (v —hh®9,F)
and is given by

T, = |«|/2 L (4 ra (12)
=|k|2n =—(1— ,

h 27'[ 17‘ A 2H 17‘ A

where A < 1 ascertains that the temperature 7}, is positive. Note that the temperature 7},

2H7p
does not depend on the gravity theory but depends [31] only on the background geome-
try. Thus the above expression for temperature also holds in Gauss-Bonnet gravity. Let us
now consider a region of an expanding universe filled with perfect fluid of energy density
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o and pressure P and is enveloped by the apparent horizon. Since the apparent horizon is
not constant but varies with time. As the apparent radius changes, the volume enveloped
by the apparent horizon will also change, however the thermal system bounded by the ap-
parent horizon remains in equilibrium when it moves from one state to another so that the
temperature associated with the horizon must be uniform and the same as the temperature
of its surroundings. This requires that the temperature of the source inside the apparent
horizon should be in equilibrium with the temperature associated with the horizon. Hence
we have T,, = T, where T, is the temperature of energy enclosed by the apparent hori-
zon. Let the total energy of universe enclosed by the apparent horizon is the total matter
energy E = Vp, where V = Q,7} is the volume enclosed by the apparent horizon, where
Q,=n"?/T(n / 24+1) is the volume of an n-dimensional unit ball. Let us now turn to find

out, Tjd Sy = 7 (1 — 774 o) (i

1+ (" 1)22 )), which on simplifying yields

) _ Fa
T,S, =nQ, 1 PYH(|1— — ). 13
nSp =nSry(p+ P) < 2HrA> (13)

It is clear from (12) that the term, (1 — ZZAM
erated expansion of the universe, p + P may negative indicating that the second law S, > 0
does not hold in the expanding universe. But we will show that in the case of generalized sec-
ond law this is not the case. It is well known that the Friedmann equations at apparent hori-
zon of FRW universe satisfied [3, 15, 16, 32, 33] the thermal identity dE = T;,d S;, + WdV
instead of satisfying the standard first law 7;,d S, = dE + PdV. However the entropy S,, of
the source inside the apparent horizon can be connected to its energy E,, = Vp and pressure
P at the horizon by the first law of thermodynamics, d(Vp) = T,,dS,, — PdV, where T,, is
the temperature of the energy inside the horizon. As we have assumed the local equilibrium
which implies 7,, = T;,. Hence from the first law d E,, = T},d S,, — PdV, one can obtain

) > 0, is positive. However, in the phase of accel-

TSy =nQ,7'Fa(p + P) —nQ, 7 H(p + P). (14)

Adding (13) and (14), one gets

Ty (S + Sp) = (29 1)(p+P>?A. (15)

The right side of the above equation contains two factors. The first factor 52,7~ = 1A

where A is the horizon area, is positive. And the second factor (p + P)rL A= (,8171 GI) %
o ’A

is also positive in the expanding universe. Hence the above equation (S‘m + S‘h) > (0 which
implies that the generalized second law holds for a Gauss-Bonnet gravity in a region of
expanding universe enclosed by the apparent horizon.

3 Lovelock Gravity

Let us now turn to derive the generalized second law in the case of lovelock gravity. The
lovelock gravity generalizes the Einstein gravity when spacetime has a dimension greater
than four. In this case the most general Lagrangian [34] that gives second order equations
for the metric, is the sum over the dimensionally extended Euler density L= Y ¢, L,,
where ¢, are arbitrary constants and L, is the Euler density of a 2n-dimensional manifold
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L,=2"" 85}' ;]‘ a‘: '},;” Rfi']ff]] RZ’;’E:, where the generalized delta function 851‘;]‘ o 73”” is totally

antisymmetric in both sets of indices and R’ are the components of the curvature tensor.
The static spherically symmetric black hole solutions can be obtained [35-38] in this theory.
For an (n 4 1)-dimensional static spherically symmetric black hole of metric

=—f(r)dt* + 7 (r)dr* + r’dQ?

n—1°

(16)

with metric function is given by f(r) = 1 —r2F (r), where F(r) is determined by solving for

real roots of mth-order polynomial equation, Y -, & F'(r) = ni:ﬂ?)]g r". Where M is the

mass of the black hole and the coefficients ¢; are ¢y = n(:—l), c;=1and é =¢; ]—Iim3(n +
1—j),fori > 1.The entropy [39] associated with the black hole horizon of lovelock gravity
can be expressed as § = & > | rf("hrl éiry ', where A =n<Q,r’"" is the horizon area and
7. is the horizon radius. The above entropy formula of black hole horizon also holds for the
apparent horizon of FRW universe and the entropy associated with the apparent horizon
has the same expression but the black hole horizon radius r, is replaced by the apparent

radius [1]. Hence the entropy expression for the apparent horizon turns out

A in—1 e
— GFA 17
4GZn 24174 a7

i=l

The Friedman equation [1] in Lovelock theory of gravity is given by

< ,, kY 167G
Z (H +a2> _n(n—l)p' (18)

i=l1

In terms of horizon radius 1/73 = H* + k/a® the above (18) can be expressed as

m
S = —ZG (19
= nn—1)

From the above equation, one can obtain F 4 by differentiation it with respect to cosmic time
which yields

fo= 20 HEER 0)

(n—1) Y016 (Fa)~ 2!

which is positive in the expanding universe provided the dominant energy condition holds.
Again we assume the region of an expanding universe enclosed by the apparent horizon
which remains in equilibrium when it moves from one state to another. This requires that
the temperature associated with the apparent horizon is in equilibrium with the temperature
of the energy enclosed by the boundary of the system. Also the expression for the tem-
perature 7;, = |k|/2m = 2nrA 1- zzf‘;A) associated with the apparent horizon still holds in
the lovelock gravity because the temperature associated with horizon depends on the back-
ground geometry but it is independent of the gravity theory. Let us now turn to find the

sz,, o7
Bola oy LD ¢ 72720 which on simplifying

expression for 7S, = 27rrA (=540 <

i=1 n—-2i+1 Cil'4
yields
5 F
T, S = nQ,7 "(p+P)H< 2HAF ) Q1)
A
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It has been shown that the entropy S, and the temperature 7}, associated with the apparent
horizon of FRW universe together with the Friedmann equation satisfy [3, 15, 16] the ther-
mal identity d E = T,,d S;, + WdV in Einstein, Gauss-Bonnet and Lovelock theories of grav-
ity. However the entropy S,, of the universe inside the apparent horizon can be connected to
its energy E,, = Vp and pressure P at the horizon by the first law d(Vp) = T,,dS,, — PdV
of thermodynamics. Since the thermal system bounded by the apparent horizon remains in
equilibrium so that the temperature of the system must be uniform and the same as the tem-
perature of its surroundings. Hence we have T,, = Tj,. One can obtain from the first law
dE,, =TydS, — PdV)

T3S = nQ,7 "' F 4 (p + P) — nQ, 7 H(p + P). (22)

Adding (21) and (22), one gets
. o n — L
T, (S + Sp) = <§Qnrﬁ 1)(/) + P)ra. (23)

The right side of the above equation contains two factors. The first factor %Q,,f/'fl =

%A, where A is the horizon area, is positive. And the second factor (p + P)}a A=
87G H(p+P)?
(n=1) 3T & (Fa) =2 i k
tion (23), the generalized second law (S, + S;,) > 0 holds for a Lovelock gravity in a region
enclosed by the apparent horizon of FRW universe.

is also positive in the expanding universe. Hence from the above equa-

4 Conclusion

In this paper we studied the generalized second law of thermodynamics in the expanding
universe for the Gauss-Bonnet and Lovelock gravities. It is shown by employing the general

expression of the temperature 7 = |k |/2m = 2anA 1 - 21;1/)34) associated with the apparent
horizon of FRW universe together with the assumption that the universe bounded by the
apparent horizon is in equilibrium so that the temperature of the system must be uniform
as the temperature of its surroundings, we are able to show that the generalized second law
holds in the Gauss-Bonnet and Lovelock gravities. In this analysis, the general expression
of temperature, 7, = |«|/2m = ﬁ(l - NZ—A;A), has been used to discuss generalized sec-
ond law in various gravity theories however, in the earlier work, an approximate horizon
temperature 7), = 1/277, has been assumed to investigate the generalized second law (see
for examples [19-25]). In these references, the temperature 7,, of the source has been taken
proportional to the horizon temperature 7}, through 7,, = bT},, where b > 0 to assure that the
temperature of the system is positive. When b = 1, we have T,, = T}, which corresponds to
a local equilibrium of the system.
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